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ABSTRACT
We investigate how self-interacting dark matter (SIDM) with anisotropic scattering af-
fects the evolution of isolated dark matter haloes as well as systems with two colliding
haloes. For isolated haloes, we find that the evolution can be adequately captured by
treating the scattering as isotropic, as long as the isotropic cross-section is appropri-
ately matched to the underlying anisotropic model. We find that this matching should
not be done using the momentum transfer cross-section, as has been done previously.
Matching should instead be performed via a modified momentum transfer cross-section
that takes into account that dark matter particles can be relabelled after they scatter,
without altering the dynamics. However, using cross-sections that are matched to give
the same behaviour in isolated haloes, we find that treating dark matter scattering as
isotropic underpredicts the effects of anisotropic dark matter scattering when haloes
collide. In particular, the DM-galaxy offset induced by SIDM in colliding galaxy clus-
ters is larger when we simulate the underlying particle model, than if we use a matched
isotropic model. On the other hand, well motivated particle models with anisotropic
scattering typically have cross-sections with a strong velocity dependence, and we dis-
cover a previously unrecognised effect that suppresses DM-galaxy offsets in colliding
clusters making it hard for these systems to provide competitive constraints on such
particle models.
Key words: dark matter — astroparticle physics — cosmology:theory
1 INTRODUCTION
Despite mounting astrophysical evidence for the existence of
dark matter (DM) as the dominant matter component of the
Universe (e.g. Planck Collaboration et al. 2016), its nature
remains a mystery. It is usually assumed to be a cold and
collisionless particle (CDM), for which the predictions for
the large scale structure of the Universe provide a striking
match to what is observed (Rodr´ıguez-Torres et al. 2016).
However, there are possible modifications to CDM that pre-
serve this success on large scales, while altering DM’s be-
haviour in collapsed objects. One possible modification is to
allow DM particles to scatter elastically at rates that are
astrophysically interesting. While some of the most popular
DM candidates (for instance supersymmetric neutralinos)
interact only through gravity and the weak force and be-
have as collisionless particles during structure formation, a
high rate of DM scattering from so-called self-interacting
dark matter (SIDM) would be possible if the DM lives in a
rich dark sector with a new dark force.
? e-mail: andrew.robertson@durham.ac.uk
The presence of such a dark force would have signifi-
cant implications for both particle physics and astrophysics.
Large self-interactions would rule out some popular DM can-
didates such as axions (Duffy & van Bibber 2009), and would
change cosmological structure formation on small scales.
These changes to small-scale structure are appealing as they
could resolve discrepancies between the results of N -body
simulations with CDM and observations of dwarf galaxies
(for a review see Weinberg et al. 2015).
The tightest constraints on DM’s self-interaction cross-
section have come from galaxy cluster scales (Miralda-
Escude´ 2002; Randall et al. 2008; Rocha et al. 2013; Pe-
ter et al. 2013; Harvey et al. 2015; Kim et al. 2016), while
the astrophysical motivation for SIDM predominantly comes
from dwarf galaxies (Vogelsberger et al. 2012; Zavala et al.
2013; Elbert et al. 2015; Vogelsberger et al. 2016). The typ-
ical velocities of DM particles within galaxy clusters are of
the order of 1000 km s−1, while in dwarf galaxies they can
be 10 to 100 times lower. Given that it is common for scat-
tering cross-sections to have a strong velocity dependence
(such as σ ∝ v−4 in the case of Rutherford scattering) and
that this is true also of many particle physics based models
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for SIDM (Ackerman et al. 2009; Feng et al. 2010; Buck-
ley & Fox 2010), it is not unreasonable for the cross-section
in dwarf galaxies to be orders of magnitude larger than in
galaxy clusters. This has led to such particle candidates be-
ing simulated (Vogelsberger et al. 2012; Zavala et al. 2013;
Vogelsberger & Zavala 2013; Vogelsberger et al. 2014) in a
bid to alleviate tensions on small scales, while evading con-
straints that come from larger scales.
The parameters governing such velocity-dependent
cross-sections (DM mass, mediator mass and coupling
strength) can in principle be constrained by estimating the
cross-section for DM–DM scattering at different velocities.
Kaplinghat et al. (2016) recently estimated the DM mass
and dark photon mass, assuming that the inferred core sizes
in observed galaxy clusters (Newman et al. 2013), low sur-
face brightness galaxies (Kuzio de Naray et al. 2008) and
dwarf galaxies (Oh et al. 2011) are due to SIDM, and using
a coupling strength equal to the electromagnetic fine struc-
ture constant α′ = α ≈ 1/137.
What is often ignored when simulating these velocity-
dependent cross-sections is that the scattering is usually
anisotropic. This is because the velocity dependence results
from a term in the scattering cross-section that depends on
the exchanged momentum, which depends on both the col-
lision velocity and the scattering angle. This angular depen-
dence has not been included in previous simulations, which
have instead simulated the scattering as isotropic but with
a cross-section modified such that the effects of DM scatter-
ing should be similar to what would result from a faithful
simulation using the underlying particle interaction. This
has been done by matching the momentum transfer cross-
section as a function of collision velocity, σT (v), between the
true particle interaction and that used in the simulations.
While this may work well when the DM velocity distribu-
tion is close to isotropic, Kahlhoefer et al. (2014, hereafter
K14) found that for the case of colliding galaxy clusters the
momentum transfer cross-section is insufficient to fully char-
acterise the effects of DM scattering. This is not surprising;
when galaxy clusters collide there is a strongly preferred di-
rection along which DM particles collide and the angular
distribution of scattered DM becomes important.
The goal of this paper is to explore the effects of
anisotropic DM scattering, by simulating scattering pro-
cesses faithfully to their underlying particle physics mod-
els. We introduce a new code that can simulate scattering
with a general differential cross-section and explore how the
results from anisotropic scattering compare with the case
of isotropic scattering for the evolution of an isolated DM
halo, as well as in a galaxy cluster collision. By also simulat-
ing these systems using an appropriately matched isotropic
cross-section, as has been done in the past, we can test the
validity of this approximate scheme.
This work is organised as follows. In §2 we discuss the
physics of anisotropic scattering and introduce two exam-
ples of anisotropic scattering cross-sections. We discuss the
implementation of angular dependent scattering within an
N -body code in §3 and then use this code to investigate
how core-formation in an isolated DM halo depends on the
angular-dependence of the scattering cross-section. In §5 we
show the results of simulations of the Bullet Cluster run with
anisotropic scattering, and contrast this system that has a
clear directionality to the case of an isolated halo. Finally,
we summarise our results in §6.
2 ANGULAR DEPENDENT SCATTERING
The key particle physics quantity for a study of the as-
trophysical effects of SIDM is the differential cross-section,
dσ/dΩ. This quantifies the rate at which particles are scat-
tered into different patches of solid angle, and can vary as a
function of the collision velocity, v.
In this section we briefly describe the particle physics
that leads to angular-dependent scattering, and then de-
scribe different integrated cross-sections, which condense a
scattering probability that varies with angle into a single
number. We end the section by introducing two different
anisotropic cross-sections, which we later use in our simula-
tions.
When dealing with particle scattering we assume that
DM particles are indistinguishable and work in the centre
of momentum frame of the two interacting particles, with
the velocities of the DM particles defined to be ±v/2 in the
z-direction. To conserve both energy and momentum, both
particles leave the collision with a velocity of v/2 at a polar
angle θ with respect to their incoming direction, where θ
must be the same for the two particles. Assuming that the
scattering potential is spherically symmetric, the differen-
tial cross-section is independent of the azimuthal angle φ.
The DM particle mass is mχ and the DM scattering is me-
diated by a particle with mass mφ, with a coupling strength
(analogous to the fine structure constant) αχ.
2.1 Particle physics of angular dependent
scattering
As mentioned in the Introduction, most efforts to simulate
SIDM have treated the DM scattering as isotropic. This
isotropic scattering, also commonly referred to as ‘contact
interactions’, ‘hard sphere scattering’ and ‘billiard ball scat-
tering’1 results from an interaction with a massive mediator,
leading to a short range force. For DM particles with a rel-
ative velocity v, scattering will be isotropic when the medi-
ator mass is much heavier than the DM particle momenta,
cmφ  vmχ. When this is not the case, the interaction
cross-section will typically depend on the exchanged momen-
tum, which increases with an increased collision velocity or
an increased scattering angle, leading to velocity-dependent
anisotropic scattering. This second case, with long range in-
teractions due to a light or massless mediator, arises in mod-
els of mirror DM (Blinnikov & Khlopov 1983; Berezhiani
et al. 1996; Foot 2004) and atomic DM (Cline et al. 2012;
Cyr-Racine & Sigurdson 2013), as well as some other hidden
sector DM models (Feng et al. 2009; Foot & Vagnozzi 2015;
Boddy et al. 2016).
1 Readers may be interested to note that the cross-section
per unit mass of a World Pool-Billiard Association ball is
0.64 cm2 g−1, of similar magnitude to commonly studied SIDM
cross-sections, though it is unclear how resilient pool balls would
be to ∼ 1000 km s−1 collisions.
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2.2 Integrated cross-sections
Given an azimuthally-symmetric differential cross-section,
dσ/dΩ, the total cross-section
σ ≡
∫
dσ
dΩ
dΩ = 2pi
∫
dσ
dΩ
sin θ dθ. (1)
While this is the relevant quantity when considering the rate
at which particles interact, it does not fully describe the con-
sequences of these interactions, as the effect of scattering by
a large angle (and so transferring a large amount of momen-
tum between the two particles) is greater than the effect of
scattering by a small angle.
A useful concept when comparing the macroscopic
consequences of particle interactions with different angu-
lar dependencies for the differential cross-section is the
momentum-transfer cross-section. For a scattering angle of
θ, the momentum transfer along the direction of the collision
is
∆pz = p(1− cos θ), (2)
where p is the magnitude of each of the incoming particles’
momenta in the centre of momentum frame. We therefore
define the momentum-transfer cross section as
σT ≡
∫
(1− cos θ) dσ
dΩ
dΩ. (3)
This is similar to the definition of σ, except that interac-
tions that lead to a large amount of momentum transfer con-
tribute more, while those that transfer little momentum are
down-weighted. For the case of isotropic scattering, where
dσ
dΩ
= σ
4pi
is independent of angle, the momentum-transfer
cross-section and the cross-section are equal, i.e. σT = σ.
K14 point out that this definition of σT overestimates
the momentum transfer due to scattering with θ > pi/2, as
in these cases the particles, which we assume to be identical,
could be relabelled in such a way that they had scattered
with θ < pi/2. If we weight scatters by the amount of mo-
mentum transfer, but relabel particles if they scatter by an
angle greater than pi/2, then we get the integrated cross-
section
σT˜ ≡
∫ pi/2
θ=0
(1− cos θ) dσ
dΩ
dΩ +
∫ pi
θ=pi/2
(1 + cos θ)
dσ
dΩ
dΩ, (4)
which we call the modified momentum-transfer cross-
section. For isotropic scattering σT˜ = σ/2, while for cross-
sections with a negligible amount of large-angle scattering
σT˜ ≈ σT .2
While integrated cross-sections such as σT and σT˜ do
not fully describe a scattering process, they are useful as
a way to compare different scattering cross-sections, and
have been used in cosmological simulations of SIDM. The
reason for this is computational efficiency. For anisotropic
cross-sections, where the vast majority of scattering events
involve a low momentum transfer (such as scattering from
2 For most cross-sections σT˜ has a similar value to the viscosity
(or conductivity) cross section σV ≡
∫
sin2 θ dσ
dΩ
dΩ advocated by
Tulin et al. (2013), Cline et al. (2014) and Boddy et al. (2016) for
reasons similar to those for introducing σT˜ . We also note however,
that Agrawal et al. (2016) argue against using such a procedure
for the cross-sections they consider.
a Coulomb potential), there can be a large number of inter-
actions, each having very little effect. A less computation-
ally intensive way to simulate a similar effect is to simulate
the scattering as isotropic, where most scattering events in-
volve a large amount of momentum transfer, but with a to-
tal cross-section scaled down so that the rate of momentum
transfer matches the momentum transfer expected from the
underlying particle physics model for the DM. This reduces
the number of interactions that need to be calculated, while
attempting to adequately capture the effects of particle scat-
tering.
2.3 A velocity-independent, anisotropic
cross-section
In §2.1 we discussed that anisotropic scattering usually oc-
curs when the cross-section is also velocity-dependent. How-
ever, studying an anisotropic cross-section without velocity
dependence is useful to gain intuition for what might hap-
pen with more complicated cross-sections, and if realised in
nature could have interesting effects in merging galaxy clus-
ters (K14). As an example of such a cross-section we use:
dσ
dΩ
=
α2
2m2χ
1 + cos2 θ
1− cos2 θ (5)
for which both σ and σT diverge and which we call Kahlhoe-
fer velocity-independent (KVI). In the case of the σT diver-
gence, this is because of the divergence in the differential
cross-section as θ → pi. While scattering by ∼ pi leads to a
significant amount of momentum transfer between the two
particles, it leaves the system relatively unchanged, as two
identical particles just swap velocities with each other. For
this reason, σT˜ is a more sensible choice to describe the scat-
tering. For this differential cross-section
σT˜ =
piα2
m2χ
(ln 16− 1) . (6)
For the KVI cross-section, the divergence in the dif-
ferential cross-section as θ → 0 and θ → pi, means that
we cannot simulate the cross-section completely faithfully.
However, the modified momentum-transfer cross-section is
finite for this differential cross-section because the diver-
gence in cross-section at low angles is accompanied by a
suitably rapid decline in the effectiveness of these scatters
to transfer momentum. This means that for a small θmin,
one should expect that ignoring scattering with θ < θmin
and θ > pi − θmin, should lead to negligible changes to the
effect of this cross-section.
Introducing a cut-off, such that the differential cross-
section follows equation (5) for θmin < θ < pi − θmin and is
0 outside of this, the cross-section is then finite,
σ(θmin) =
2piα2
m2χ
{
ln
(
1 + cos θmin
1− cos θmin
)
− cos θmin
}
. (7)
The modified momentum-transfer cross-section becomes
σT˜ (θmin) =
piα2
m2χ
{ cos2 θmin − 2 cos θmin
+ 4 ln(1 + cos θmin)}
(8)
which can be compared with equation (6) to see how much
MNRAS 000, 000–000 (0000)
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momentum-transfer we expect to miss by introducing θmin.
In particular, for θmin  1
σT˜ − σT˜ (θmin) =
piα2
m2χ
{
θ2min +O(θ4min)
}
. (9)
As an example, with θmin = 0.1 we only lose 0.6% of σT˜ .
2.4 Yukawa-potential SIDM
A general result for scattering mediated by a massive media-
tor particle is that it is equivalent to having a Yukawa poten-
tial. Loeb & Weiner (2011) noted that such a cross-section
would display interesting astrophysical signatures because
the rate of scattering peaks at a particular pairwise velocity,
falling at smaller or larger velocities. This could lead to scat-
tering being important in DM haloes of a particular mass
(and so a particular velocity dispersion), while being negli-
gible in the more massive haloes that have thus far provided
the tightest constraints on the DM cross-section. Simula-
tions including such a model for DM scattering have been
performed, but have simulated the scattering as isotropic,
using the momentum-transfer cross-section of the underly-
ing particle physics model, as the cross-section for isotropic
scattering (Vogelsberger et al. 2012; Vogelsberger & Zavala
2013; Zavala et al. 2013; Vogelsberger et al. 2014). We call
this method of simulating DM models with anisotropic cross-
sections, σT -match.
There is no analytical form for the differential scattering
cross-section due to a Yukawa potential, but by using the
Born-approximation (Jelley 1990), valid when the scattering
potential can be treated as a small perturbation, we can find
an analytical form that approximates the true differential
cross-section. For an interaction potential given by
V (r) = −αχe
−mφr
mφr
, (10)
the differential cross-section assuming the Born approxima-
tion is (Ibe & Yu 2010)
dσ
dΩ
=
α2χ
m2χ
(
m2φ/m
2
χ + v2 sin
2 θ
2
)2 , (11)
where we have used natural units with ~ = c = 1. This can
be re-written as
dσ
dΩ
=
σ0
4pi(1 + v
2
w2
sin2 θ
2
)2
, (12)
where w = mφc/mχ is a characteristic velocity, below which
the scattering is roughly isotropic with σ ≈ σ0. At higher
velocities, the scattering has an angular dependence that
tends to that from scattering with a Coulomb potential, with
a cross-section that decreases with increasing velocity.
From the differential cross-section we can calculate the
integrated cross-sections
σ =
σ0
1 + v
2
w2
, (13)
σT = σ0
2w4
v4
{
ln
(
1 +
v2
w2
)
− v
2
w2 + v2
}
, (14)
and
σT˜ = σ0
2w4
v4
{
2 ln
(
1 +
v2
2w2
)
− ln
(
1 +
v2
w2
)}
. (15)
We note that at low velocities the scattering is non-
perturbative and the Born approximation is no longer valid.
This is the reason why the behaviour of σT in equation (14)
differs from that found by numerically solving for orbits
in a classical Yukawa potential (Khrapak et al. 2004) at
low velocities. The Born approximation result tends to-
wards isotropic scattering with a velocity-independent cross-
section, while the results of the full calculation have a cross-
section that logarithmically increases towards low velocities.
We therefore expect slightly different results compared with
a full calculation of scattering through a Yukawa potential.
However, using the Born approximation is useful as it gives
us an analytical differential cross-section that we can faith-
fully simulate, allowing us to test the procedure of using
isotropic scattering to capture the effects of a more compli-
cated scattering process. With a known differential cross-
section, we can simulate the scattering in a fully consistent
manner, and compare that with simulating it with a suitably
matched σ(v) and isotropic scattering.
3 IMPLEMENTING DM SCATTERING
Our implementation of DM scattering follows that of
Robertson et al. (2017) who implemented isotropic scatter-
ing of DM in the gadget-3 Tree-PM N -body code, which
is an updated version of the publicly available gadget-2
code (Springel 2005). At each time-step particles search for
neighbouring particles, separated by a distance less than the
search radius h, and scatter from each of their neighbouring
particles with a probability
Pscat =
σv∆t
4pi
3
h3
, (16)
where σ is the DM scattering cross-section, v is the relative
velocity of the two particles, and ∆t is the size of the time-
step. h is a numerical parameter that we keep fixed for all
particles, with a size similar to the gravitational softening
length .
All simulations discussed in Sections 4 and 5.1 used
h = 2 = 5.6 kpc, while in Section 5.2 larger h (up to 4)
were used. In general, a smaller h is better, because scat-
tering is then more local and the scattering rate resolves
small-scale density peaks. However, with smaller h, fewer
neighbour particles are found, so the probability of scatter-
ing from those particles must increase to achieve the correct
rate of scattering. If h is too small, such that Pscat > 1, then
the rate of scattering will no longer be correctly calculated.
To avoid this, small time-steps can be used, but this makes
the simulations computationally expensive. For this reason,
we use larger h for our simulations that have large cross-
sections, keeping the maximum value of Pscat below 0.1 in
all cases. A more detailed discussion about the choice of h
can be found in Robertson et al. (2017).
We extend our code by allowing for the cross-section to
depend on velocity, and also for the polar scattering angle,
θ, to be drawn from an anisotropic probability distribution.
The velocity-dependence is easily achieved by allowing σ in
equation (16) to be a function of velocity, while the angular-
dependence is realised by generating tables of scattering an-
gles drawn from the relevant probability distribution. A full
MNRAS 000, 000–000 (0000)
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discussion of our implementation, along with a test of scat-
tering from a general differential cross-section, is contained
in Appendix A.
4 CORE GROWTH IN ISOLATED HALOES
In an isolated halo with an isotropic velocity distribution,
there is no preferred direction for particle scattering, and
a suitably matched isotropic cross-section may be able to
mimic the effects of an anisotropic one. To test the efficacy
of the σT -match procedure defined in §2.4, we investigate
the rate at which cores form in an isolated Hernquist profile
(Hernquist 1990) with anisotropic scattering and compare
to isotropic scattering. We simulate a halo with parame-
ters corresponding to the bullet halo in the Bullet Cluster,
namely M = 2.46× 1014 M and a = 279 kpc (Robertson
et al. 2017).
4.1 Determining core sizes
We find the core size, rcore, by fitting a cored Hernquist
profile
ρ(r) =
M
2pi
a
(rβ + rβcore)1/β
1
(r + a)3
(17)
to the radial density distribution. During the fitting proce-
dure we allow M , a, and rcore to vary, while holding β = 4
fixed. We measure the core evolution in terms of a dimen-
sionless time, T/Tdyn, where the dynamical time follows the
definition in Kochanek & White (2000),
Tdyn = 4pi
√
a3
GM
, (18)
is 1.8 Gyr for our chosen Hernquist profile. We run simula-
tions with different cross-sections, which again are defined
to be dimensionless
σˆ =
σ
m
M
a2
, (19)
such that σˆ = 1 corresponds to σ/m ≈ 1.5 cm2 g−1 for our
simulated halo.
4.2 KVI scattering
With a KVI cross-section we cannot use σT -match, as the
momentum transfer cross-section diverges. Instead we match
σT˜ between KVI scattering and isotropic scattering. In
Fig. 1 we demonstrate the effectiveness of σT˜ -match, show-
ing that when the KVI cross-section is normalised such
that it has the same σT˜ as a particular isotropic cross-
section, then the evolution of the core size is close to that
for the matched isotropic cross-section. We plot the results
using θmin = 0.025 and θmin = 0.1, which respectively
correspond to 0.04% and 0.6% of σT˜ being truncated. For
θmin = 0.025(0.1) the total cross-section, σ, is 4.4(2.8) times
larger than for the σT˜ -matched isotropic cross-section.
The similarity between the rcore evolution with isotropic
scattering and with σT˜ -matched anisotropic scattering sug-
gests that at least in locally isotropic systems σT˜ is a useful
way to characterise DM scattering. Using only isotropic scat-
tering and a calculation of σT˜ (and not the full, underlying
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Figure 1. The evolution of core size for an isolated Hernquist
profile, evolved with different SIDM scattering cross-sections. The
solid lines are for isotropic DM scattering, while the dashed and
dot-dashed lines are for anisotropic KVI scattering with θmin =
0.025 and 0.1 respectively, matched to the isotropic cross-sections
using σT˜ . In the case of the dashed line, there is between 4 and
5 times as much scattering as for the equivalent solid line, but
due to the angular-dependence of those interactions the resulting
evolution is similar. The shaded regions around the solid lines
show the 1σ error on rcore and the horizontal dashed line shows
the size of the gravitational softening length.
differential cross-section that leads to it) we can predict how
a system would evolve with anisotropic scattering.
4.3 Yukawa-potential scattering
In order to further test the ability of an integrated cross-
section to capture the effects of anisotropic scattering, we
simulate the same Hernquist profile as in §4.2, this time with
scattering from a Yukawa potential assuming the Born ap-
proximation. The DM scattering follows equation (12) and
we simulate cross-sections with three different w, with a va-
riety of σ0. The modified momentum-transfer cross-sections
for the different simulated cross-sections are shown in the
left panel of Fig. 2.
In the right panel of Fig. 2 we show how the core sizes
evolve for the different particle models shown in the left
panel. As the Hernquist halo in question has a typical veloc-
ity for particles moving within the halo of vg =
√
GM/a ≈
1950 km s−1, most scattering for the w = 3000 km s−1 mod-
els is in the isotropic regime, and the core evolution is sim-
ilar to that seen in Fig. 1 with isotropic scattering. For all
of the particle models, the evolution of the core-size is ap-
proximately determined by the value of σT˜ (vg). For example
the σˆ0 = 3, w = 1000 km s
−1 cross-section and σˆ0 = 1,
w = 3000 km s−1 cross-section show similar evolution of
rcore, while having similar values of σT˜ (vg).
Having simulated these particle models using the full
differential cross-section, we can also test both σT -match
and σT˜ -match. We simulated each of the particle models
from Fig. 2, using isotropic scattering and the appropriate
σ(v) for σT -match and σT˜ -match. Our results show that the
momentum transfer cross-section, σT , is not a good quantity
MNRAS 000, 000–000 (0000)
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Figure 2. Left panel: The modified momentum-transfer cross-section as a function of velocity for particles scattering through a Yukawa
potential, assuming the Born approximation. The different lines correspond to different values for the DM and mediator particle masses,
as well as the coupling strength for their interaction. These three parameters lead to the two astrophysically important parameters
that describe the scattering: σ0, the cross-section at low velocities when the scattering is isotropic, and w, the velocity around which
the cross-section transitions from being isotropic and velocity-independent to anisotropic with a cross-section that drops rapidly with
increasing velocity. Right panel: the evolution of core size in an isolated Hernquist profile for the different cross-sections shown in the
left panel. The evolution of core sizes is approximately captured by the value of σT˜ at v = vg, where vg is a typical velocity for particles
within the halo, marked by the vertical shaded region in the left panel.
to use to match an isotropic cross-section to an anisotropic
one. Instead we found that when cross-sections with different
angular dependencies are matched by σT˜ , the rate of core
formation is very similar.
Fig. 3 shows the core size from the σT -match and σT˜ -
match simulations, divided by the core size from the sim-
ulation with the full differential cross-section. For clarity
we show only the σˆ0 = 10 cross-sections, but found that
σT -match systematically underpredicts the rate of scatter-
ing for all of the simulated cross-sections. For the exam-
ples shown in Fig. 3, this underprediction in scattering rates
with σT -match manifests itself in core sizes being smaller
than in the full differential cross-section simulations with
w = 300 km s−1, and larger when w = 3000 km s−1. This
change in behaviour is because with w = 3000 km s−1 the
halo undergoes core-collapse, and so a lower rate of scatter-
ing leads to larger cores at fixed time. In contrast, σT˜ -match
correctly predicts the evolution of the core size for all of our
simulated cross-sections. At early times the ratio of core
sizes using σT˜ -match is not unity, however this is because
the small cores lead to large errors on this ratio. This ap-
plies also to the σˆ0 = 10 model at late times, when rcore
is again small. We emphasise that σT -match has been used
in previous work, that has incorrectly estimated the effects
of DM models with anisotropic particle scattering (e.g. Vo-
gelsberger et al. 2012; Zavala et al. 2013; Cyr-Racine et al.
2016).
That σT˜ -match leads to an enhanced rate of scattering
compared with σT -match can be understood from consid-
ering what happens when scattering is anisotropic, with a
large fraction of scattering being by small angles. In this
case, σT and σT˜ will be similar, as they only differ in
how they treat scattering by angles θ > pi/2. However, for
isotropic scattering, σT˜ = σT /2, so matching with σT˜ will
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Figure 3. The core size using σT or σT˜ -match, normalised by the
core size from faithfully simulating the underlying particle model,
for the three cross-sections with σˆ = 10 from Fig. 2. The line styles
represent the value of w, in the same manner as Fig. 2, and the
shaded regions around the w = 300 km s−1 lines are representa-
tive of the errors on this ratio – coming from the widths of the
posterior distributions for rcore. σT˜ -match works well in all cases,
while σT -match incorrectly predicts the effects of anisotropic scat-
tering on an isolated halo.
lead to twice the rate of scattering as matching with σT .
Fig. 3 demonstrates that σT˜ more accurately captures the ef-
fects of scattering by anisotropic cross-sections. This should
be expected given that two particle models could have differ-
ent σT , while having indistinguishable particle interactions,
purely due to how particles are labelled.
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5 DM-GALAXY OFFSETS IN THE BULLET
CLUSTER
Having demonstrated that the effects in an isolated halo
of SIDM with an anisotropic cross-section can be under-
stood by considering the modified momentum-transfer cross-
section, we now go on to investigate whether this is still
the case in a system with strong directionality. The sys-
tem we use is based on the merging galaxy cluster 1E 0657-
56 (the Bullet Cluster), using the fiducial mass model from
Robertson et al. (2017). The initial conditions used for all
the simulations contain two Hernquist profiles, separated by
4 Mpc, and with a relative velocity of 2970 km s−1 along
the line joining the two cluster centres. The main halo
and bullet halo have Hernquist density profiles with masses
and scale radii M = 3.85× 1015 M, a = 1290 kpc, and
M = 2.46× 1014 M, a = 279 kpc respectively. The mass
within each halo is 99% DM, and 1% stars, though we use
an equal number of DM and star particles (107 of each). The
star particles are distributed as a smooth halo following the
DM density profile.
The position estimates for the DM and galaxies were
performed following the method described in §3.2 of Robert-
son et al. (2017). This involves simultaneously fitting para-
metric models for the two haloes to the projected surface
density, modelling each halo with a Pseudo Isothermal El-
liptical Mass Distribution (PIEMD), which has a 3D density
profile
ρ(r) =
ρ0
(1 + r2/r2core)(1 + r2/r
2
cut)
; rcut > rcore. (20)
We choose to fit parametric models because it is often done
observationally (Smith et al. 2005; Richard et al. 2010;
George et al. 2012; Harvey et al. 2015; Massey et al. 2015;
Shu et al. 2016) and because fitting two parametric mod-
els simultaneously accounts for the main halo when trying
to fit the position of the bullet halo. This is an advantage
over local position estimates such as shrinking circles – the
2D analogue of the shrinking spheres approach described in
Power et al. (2003) – where the density gradient from the
main halo can lead to spuriously large measured offsets be-
tween the DM and galaxies in the bullet halo (Robertson
et al. 2017).
5.1 KVI scattering
In Fig. 4 we show that with KVI scattering the measured
offsets between DM and galaxies are ∼ 50% larger than for
the isotropic cross-section to which they are matched. This
matching was done using σT˜ -match, which as demonstrated
in Fig. 1 leads to core formation rates in isolated haloes
that are very similar for isotropic scattering and a matched
KVI cross-section. This ∼ 50% increase in offsets was seen
throughout the evolution of the merger for each of the four
cross-sections simulated: 0.5, 1, 1.5 and 2 cm2 g−1. This re-
sult supports the findings of K14, who found that σT˜ was
not enough to fully characterise the effects of DM scattering.
Intuitively this can be understood: for isotropic scatter-
ing, only a small fraction of bullet halo DM particles scatter
with a particle from the main halo, and those that do are
typically ejected from the bullet halo. The unscattered DM
is coincident with the collisionless galaxies, and any mea-
sured offset is a result of fitting to the wake of scattered
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Figure 4. The DM-galaxy offset in the bullet halo of the Bullet
Cluster as a function of the bullet halo position (in the centre of
mass frame). The solid lines are for isotropic scattering with a
cross-section as given in the legend. The dotted lines are for scat-
tering with a KVI cross-section that has the same σT˜ as the cor-
responding isotropic cross-section. The DM and galaxy positions
were determined by fitting two parametric model haloes to the
respective projected densities. The separations were calculated
every 10 Myr, and are plotted using a 50 Myr moving average.
Lines are shown as faint around core passage because measure-
ments of the best-fit halo positions become noisy. In the observed
Bullet Cluster the two haloes are separated by ∼ 720 kpc, which
happens at xDM ≈ 600 kpc with our mass model.
particles. This is not the case with anisotropic scattering,
where many more particles can scatter, but each receives
only a small momentum kick. The DM particles that have
received such a kick lag behind the collisionless galaxies,
leading to an offset between the galaxies and DM.
The KVI cross-sections were simulated using θmin =
0.025. Given that Fig. 4 demonstrates that cross-sections
with the same σT˜ can lead to different DM-galaxy off-
sets, one might worry that the results in Fig. 4 are de-
pendent on θmin. We tested for convergence with respect
to θmin by running the KVI cross-section σT˜ -matched to
isotropic 1 cm2 g−1 with θmin = 0.00625 and 0.1. The re-
sults from these tests were in agreement with each other
and the θmin = 0.025 results.
5.2 Yukawa-potential scattering
Having shown that using isotropic scattering to emulate the
effects of the KVI anisotropic scattering would lead to an un-
derprediction in the measured offset between DM and galax-
ies, we now perform similar tests with the more complicated
differential cross-section described by equation (12). As well
as having a velocity dependence, this cross-section has an
angular dependence that changes with velocity. This means
that the behaviour of such a particle in galaxy cluster col-
lisions could be very different from in the cores of dwarf
galaxies, due to the very different velocity scales and the
anisotropic nature of a cluster collision.
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Figure 5. The total cross-section (left panel) and modified momentum-transfer cross-section (right panel) for four differential cross-
sections. These four cross-sections correspond to the differential cross-section in equation (12), with four different values of w. The
normalisation of the cross-section, σ0, was chosen such that the modified momentum-transfer cross-section at a velocity of 3900 km s−1
(the relative velocity between the two DM haloes during core passage in our Bullet Cluster simulations) was 0.5 cm2 g−1, the same as for
isotropic scattering with σ/m = 1 cm2 g−1. Inset in the right panel is a plot showing the angular dependence of the four different cross-
sections at a velocity of 3900 km s−1. The w = 300 km s−1 line shows highly anisotropic scattering, with a majority of low-θ scattering
events, while for w = 10 000 km s−1 the scattering is almost isotropic (p(θ) ∝ sin θ).
5.2.1 Simulated cross-sections
We simulate four different cross-sections, with w =
300, 1000, 3000 and 10 000 km s−1. The relative velocity be-
tween the two DM haloes in our simulations is 3900 km s−1
at the time of core passage, so this range of w values was cho-
sen to bracket inter-halo scattering in the isotropic regime
(w = 10 000 km s−1) all the way down to Rutherford-like
scattering (w = 300 km s−1). With fixed σ0 the low-w cross-
sections would have much lower σT˜ at ∼ 3900 km s−1 than
those with high-w. In order to keep the offsets with the dif-
ferent cross-sections measurable, we normalise the different
cross-sections such that σT˜ (v = 3900 km s
−1) = 0.5 cm2 g−1,
the same σT˜ as isotropic scattering with σ/m = 1 cm
2 g−1.
The four simulated cross-sections are displayed in
Fig. 5, which shows both σ(v) and σT˜ (v), as well as the
angular dependence, p(θ), at v = 3900 km s−1. In the v > w
regime σT˜ rises rapidly towards low velocities, such that
for these particle models, tests on smaller scales may pro-
vide better constraints. Nevertheless, simulations of dwarf
galaxies have shown that at velocities ∼ 40 km s−1 the cross-
section could be as large as 50 cm2 g−1 (Elbert et al. 2015)
without being in tension with observations of Milky Way
or Local Field dwarf galaxies, such that these models may
not be as outlandish as they first appear. Even if such large
cross-sections cannot be accommodated at low velocities,
these differential cross-sections correspond to a perturba-
tive treatment of Yukawa scattering. Tulin et al. (2013)
have shown that quantum mechanical and non-perturbative
effects can become important when αχmχ/mφ & 1 and
mχv/mφc . 1 respectively. In this “resonant regime”, quasi-
bound states in the potential can lead to resonances or an-
tiresonances that could alter the cross-section substantially
at low velocities. Using a model such as the w = 300 km s−1
one is therefore interesting as it probes what would happen
in a galaxy cluster collision, where the collision speed places
inter-halo scatters deep within the anisotropic regime.
5.2.2 DM-galaxy offsets
Fig. 6 shows the measured DM-galaxy offsets for the differ-
ent Yukawa cross-sections at the time of the observed Bullet
Cluster – defined as the snapshot where the separation be-
tween the two haloes is closest to 720 kpc. These offsets are
calculated using a shrinking circles approach down to dif-
ferent final radii. We stress that the offsets found through
shrinking circles can be anomalously large due to a bias that
comes from the presence of a nearby halo (Robertson et al.
2017), and so these offsets should not be compared with
observations of DM-galaxy offsets. However, the shrinking
circles procedure is used as shrinking to different radii pro-
vides insight into the 2D distribution on different scales,
and is useful for comparing the effects of different scatter-
ing cross-sections. To allow for a comparison with observed
offsets we also plot in Fig. 6 the offset measured by fitting
parametric models to the projected mass distribution. For
all simulated cross-sections these are less than 10 kpc and
decrease with increasing angular dependence.
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The largest offset arises when the cross-section is clos-
est to isotropic, which is surprising given that these cross-
sections were matched to have the same σT˜ at the collision
velocity of the two DM haloes and in Fig. 4 we demonstrated
that the more anisotropic scattering cross-section (KVI) lead
to larger DM-galaxy offsets than the σT˜ -matched isotropic
cross-section. To investigate this apparent discrepancy fur-
ther, we now isolate the effects of angular and velocity de-
pendence by running σT˜ -matched isotropic versions of our
Yukawa cross-sections, as well as Yukawa cross-sections with
the velocity dependence removed.
5.2.3 σT˜ -matched Yukawa scattering
In an isolated halo, Fig. 3 demonstrated that using σT˜ -
match allows us to use velocity-dependent isotropic scat-
tering to predict the effects of Yukawa scattering. To test
whether this still works in a system with a strong direction-
ality, we plot the DM-galaxy offsets when using σT˜ -match
in Fig. 6. For the high-w cross-sections (where scattering at
v ≈ 3900 km s−1 is fairly isotropic anyway) this procedure is
effective and the results are similar to those from using the
full differential cross-section. For the low-w cross-sections
σT˜ -match underpredicts the separations from using the full
differential cross-section.
5.2.4 The effects of velocity-dependent scattering on
DM-galaxy offsets
The DM-galaxy offsets with σT˜ -matched Yukawa scatter-
ing are in agreement with our findings in §5.1 that isotropic
scattering leads to smaller offsets than anisotropic scattering
when the cross-sections have the same σT˜ . However, they
leave the question of why the most isotropic cross-section
(w = 10 000 km s−1) leads to offsets that are substantially
larger than for the more anisotropic cases. There are two
primary reasons for this, both related to the velocity depen-
dence of the anisotropic cross-sections:
(i) While the relative velocity between the centres of mass
of the two DM haloes is ∼ 3900 km s−1 during core passage,
the velocity of particles within their own haloes transverse
to the collision axis means that for inter-halo pairs of par-
ticles the mean pairwise velocity is larger than 3900 km s−1.
Assuming isotropic velocity dispersions in the two haloes,
with 1D velocity dispersions of 1200 km s−1 and 600 km s−1
for the main and bullet halo respectively leads to an av-
erage pairwise velocity of ∼ 4350 km s−1. At this velocity,
the most anisotropic cross-sections, which have the steepest
σT˜ (v), have the lowest σT˜ as they were normalised to have
the same σT˜ at a lower velocity, 3900 km s
−1.
(ii) The steep gradient of σ(v) around v = 3900 km s−1 in
the low-w models means that pairs of particles with low pair-
wise velocities are significantly more likely to scatter than
those with high pairwise velocities. This means that of the
particles in the bullet halo, it is those moving in the oppo-
site direction to the motion of the bullet through the main
halo that are most likely to scatter with a particle from the
main halo. Preferentially scattering those particles travelling
backwards over those travelling forwards leads to a forward
shift in the position of the DM halo compared to all particles
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Figure 6. The shrinking circles offsets for different simulated
particle physics models, showing how the DM-galaxy separation
varies as a function of the final radius to which the circles are
shrunk. The solid lines show the results using the full differential
cross-section for Yukawa scattering under the Born approxima-
tion, while the crosses show the results of trying to mimic this
scattering using suitably matched isotropic scattering (matched
using σT˜ ). The dashed lines show what happens when we remove
the velocity dependence of the Yukawa scattering models, by us-
ing the Yukawa differential cross-section at v = 3900 km s−1 at all
velocities. Finally, the horizontal bands represent the DM-galaxy
offsets for the full differential cross-section cases, as measured by
fitting parametric models to the projected surface density.
scattering with equal probability. This in turn reduces the
DM-galaxy separation.
The second reason is elucidated in Fig. 7 where we show
the DM-galaxy offsets with isotropic scattering and power-
law velocity-dependent cross-sections. We simulate cross-
sections of the form
σ(v)
m
=
( v
4350 km s−1
)−α
cm2 g−1, (21)
such that all cross-sections have σ/m = 1 cm2 g−1 at the
average pairwise velocity for particles drawn randomly from
the two different haloes. To cut-off the low velocity diver-
gence in the cross-section, we capped the cross-sections from
equation (21) to 100 cm2 g−1.
We find that despite having the highest rate of inter-
halo scattering, the α = 4 case also has the lowest DM-
galaxy offsets, even though scattering is isotropic in all cases.
This is explained by the selection effect of a velocity de-
pendent cross-section, such that those particles that scatter
preferentially had certain properties (see bottom panel of
Fig. 7). Using terminology whereby the bullet halo moves
to the ‘right’: not just are bullet halo particles that scatter
more likely to have been moving left relative to the bullet
halo, the particles from the main halo with which they scat-
ter are likely to be moving right relative to the main halo.
This means that with large α the majority of scatters take
place with a relative velocity lower than the mean pairwise
velocity, and so transfer less momentum between the two
haloes. Also, if scattered particles are ejected from the bullet
halo, and these scattered particles were preferentially mov-
ing left, the remaining DM particles will preferentially be
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Figure 7. Top panel: The DM-galaxy offset at the
time of the observed Bullet Cluster with isotropic
DM scattering with a power-law velocity-dependence:
σ(v)/m =
(
v/4350 km s−1
)−α
cm2 g−1. The cross-section
with the strongest velocity-dependence (α = 4) has a smaller
offset than the velocity-independent case (α = 0), despite the
former having a greater fraction of bullet halo particles that
scatter from particles in the main halo. Bottom panel: The
distribution of vx, the velocity along the collision axis, for
particles from the bullet halo before they scatter with a particle
from the main halo. As well as changing the total number of
scattered particles, increasing α shifts the distribution towards
lower vx.
moving right with respect to the bullet halo, which pushes
the measured position of the DM halo right and reduces the
DM-galaxy offset.
5.2.5 Isolating Yukawa scattering’s angular-dependence
Returning to Fig. 6, we isolate the effects of the angular-
dependence of Yukawa scattering at different v/w by looking
at the DM-galaxy separations in the Bullet Cluster includ-
ing DM scattering that uses the angular dependence and
normalisation of our Yukawa models at v = 3900 km s−1 at
all velocities. For these cases we recover our previous result
that more anisotropic scattering, in this case lower w, results
in larger offsets at fixed σT˜ . The smaller offsets with smaller
w seen for the full differential cross-section runs do not con-
tradict our findings in §5.1. Rather, the effects of a steeply
decreasing σT˜ (v) more than compensate for the increased
angular dependence.
6 CONCLUSIONS
We have explored simulations of SIDM where the scattering
is anisotropic. Anisotropic cross-sections arise when the rate
of scattering depends on the amount of exchanged momen-
tum, and are natural in models with a velocity-dependent
DM scattering cross-section. We considered two different
models of anisotropic scattering, one without any velocity-
dependence (KVI) and one that has a total cross-section
and angular dependence that varies with velocity and corre-
sponds to Yukawa scattering under the Born approximation.
For both of these anisotropic models the evolution of an
isolated halo could be adequately captured by treating the
scattering as isotropic (Fig. 1 and Fig. 3), provided that the
isotropic cross-section is suitably matched to the underly-
ing model. We find that what needs to be matched between
different cross-sections in order for them to behave in a sim-
ilar way is σT˜ , defined in equation (4). This is similar to the
momentum transfer cross-section, σT , that has been used by
previous authors (Vogelsberger et al. 2012; Vogelsberger &
Zavala 2013; Zavala et al. 2013; Vogelsberger et al. 2014) to
match an underlying particle physics model on to a velocity-
dependent but isotropic scattering cross-section that is more
easily simulated. For cross-sections that are close to isotropic
the matching scheme chosen is not particularly important,
but when the scattering is highly anisotropic (with the ma-
jority of particles scattering by θ  pi) there is a factor of
2 difference in the σT -matched and σT˜ -matched isotropic
cross-sections. This is because σT overestimates the ability
of isotropic scattering to alter dynamics, because scattering
by large angles (∼ pi) leads to a large amount of momentum
transfer, despite leaving the system relatively unchanged
(the two particles have simply switched places). In Fig. 3 we
demonstrate that this results in σT -matched isotropic scat-
tering underpredicting the effects of an anisotropic cross-
section, with cores using σT -matched isotropic scattering
evolving slower than using σT˜ -matched isotropic scatter-
ing, which in turn agreed with the results of using the full
anisotropic cross-section.
We went on to investigate how the σT˜ matching
scheme works in a system that has a strong directionality,
namely Bullet Cluster-like galaxy cluster collisions. With an
anisotropic but velocity-independent cross-section, we found
that the distribution of DM was not correctly captured by
using matched isotropic scattering, which underpredicted
the size of DM-galaxy offsets induced by KVI scattering
by ∼ 33%. For the case of Yukawa scattering in a galaxy
cluster collision we found that the strong velocity depen-
dence of the cross-section in regimes where the cross-section
is anisotropic, leads to a suppression of the DM-galaxy off-
sets. Using matched isotropic scattering still underpredicts
the DM-galaxy offset (crosses in Fig. 7), but these offsets
are small anyway due to the velocity dependence. This sup-
pression of DM-galaxy offsets is not simply because veloc-
ity dependent cross-sections must be small at typical galaxy
cluster velocities to be reasonable at lower velocities. In fact,
the small offsets result even when the velocity dependent
cross-sections are boosted to have a substantial σT˜ at clus-
ter velocities. The small offsets are a result of the gradient
in σ(v), which results in particle pairs with low relative ve-
locities being more likely to scatter than others. These low
velocity pairs are made of particles that move within their
halo in the opposite direction to the bulk velocity of their
halo, and preferentially scattering these particles leaves a
population of unscattered particles moving faster than the
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bulk velocity of the halo. This shifts the measured DM po-
sition forwards reducing any DM-galaxy offset.
Ignoring the angular-dependence of SIDM models and
instead using suitably matched isotropic cross-sections ap-
pears to work well in isotropic systems such as an iso-
lated halo, but can lead to differences from the true result
in anisotropic systems. Despite these differences, merging
galaxy clusters do not appear to be a good place to con-
strain Yukawa-like DM scattering, as the cross-section at
cluster velocities would be lower than in smaller objects, and
the increased DM-galaxy separation due to the anisotropic
nature of the scattering is more than compensated for by the
decreased DM-galaxy separation coming from the gradient
in σ(v) about the collision velocity of the clusters. Previous
results that have simulated an anisotropic scattering model
using appropriately matched isotropic scattering have typi-
cally focused on the density profiles of dwarf galaxies. Our
results in isolated haloes suggest these results are proba-
bly robust to changing from isotropic scattering to using
the underlying differential cross-section. That being said, a
cosmologically formed DM halo evolves through numerous
mergers, and it is unclear if incorrectly modelling the effects
of SIDM in these mergers could lead to differences in the
final density profile. This will need to be addressed in the
future by including anisotropic scattering in cosmological
simulations.
ACKNOWLEDGEMENTS
This work would have not be possible without Lydia Heck
and John Helly’s technical support and expertise. We also
thank Richard Bower, Matthieu Schaller, David Harvey, Fe-
lix Kahlhoefer, and Stacy Kim for discussions about sim-
ulating SIDM, and the anonymous referee for suggestions
that helped to improve this paper.
This work was supported by the Science and Technol-
ogy Facilities Council grant numbers ST/K501979/1 and
ST/L00075X/1. RM was supported by the Royal Society.
This work used the DiRAC Data Centric system at Durham
University, operated by the Institute for Computational
Cosmology on behalf of the STFC DiRAC HPC Facility
(www.dirac.ac.uk). This equipment was funded by BIS Na-
tional E-infrastructure capital grant ST/K00042X/1, STFC
capital grants ST/H008519/1 and ST/K00087X/1, STFC
DiRAC Operations grant ST/K003267/1 and Durham Uni-
versity. DiRAC is part of the National E-Infrastructure.
REFERENCES
Ackerman L., Buckley M. R., Carroll S. M., Kamionkowski M.,
2009, Phys. Rev. D , 79, 023519
Agrawal P., Cyr-Racine F.-Y., Randall L., Scholtz J., 2016,
preprint, (arXiv:1610.04611)
Berezhiani Z. G., Dolgov A. D., Mohapatra R. N., 1996, Physics
Letters B, 375, 26
Blinnikov S. I., Khlopov M. Y., 1983, Soviet Ast. , 27, 371
Boddy K. K., Kaplinghat M., Kwa A., Peter A. H. G., 2016,
Phys. Rev. D , 94, 123017
Buckley M. R., Fox P. J., 2010, Phys. Rev. D , 81, 083522
Cline J. M., Liu Z., Xue W., 2012, Phys. Rev. D , 85, 101302
Cline J. M., Liu Z., Moore G. D., Xue W., 2014, Phys. Rev. D ,
89, 043514
Cyr-Racine F.-Y., Sigurdson K., 2013, Phys. Rev. D , 87, 103515
Cyr-Racine F.-Y., Sigurdson K., Zavala J., Bringmann T., Vo-
gelsberger M., Pfrommer C., 2016, Phys. Rev. D , 93, 123527
Duffy L. D., van Bibber K., 2009, New Journal of Physics, 11,
105008
Elbert O. D., Bullock J. S., Garrison-Kimmel S., Rocha M.,
On˜orbe J., Peter A. H. G., 2015, MNRAS, 453, 29
Feng J. L., Kaplinghat M., Tu H., Yu H.-B., 2009, J. Cosmology
Astropart. Phys., 7, 004
Feng J. L., Kaplinghat M., Yu H.-B., 2010, Phys. Rev. Lett. , 104,
151301
Foot R., 2004, Int. J. Mod. Phys. D, 13, 2161
Foot R., Vagnozzi S., 2015, Phys. Rev. D , 91, 023512
George M. R., et al., 2012, ApJ, 757, 2
Harvey D., Massey R., Kitching T., Taylor A., Tittley E., 2015,
Science, 347, 1462
Hernquist L., 1990, ApJ, 356, 359
Ibe M., Yu H.-B., 2010, Physics Letters B, 692, 70
Jelley N. A., 1990, Fundamentals of Nuclear Physics
Kahlhoefer F., Schmidt-Hoberg K., Frandsen M. T., Sarkar S.,
2014, MNRAS, 437, 2865
Kaplinghat M., Tulin S., Yu H.-B., 2016, Phys. Rev. Lett. , 116,
041302
Khrapak S. A., Ivlev A. V., Morfill G. E., Zhdanov S. K., Thomas
H. M., 2004, IEEE Transactions on Plasma Science, 32, 555
Kim S. Y., Peter A. H. G., Wittman D., 2016, preprint,
(arXiv:1608.08630)
Kochanek C. S., White M., 2000, ApJ, 543, 514
Kuzio de Naray R., McGaugh S. S., de Blok W. J. G., 2008, ApJ,
676, 920
Loeb A., Weiner N., 2011, Phys. Rev. Lett. , 106, 171302
Massey R., et al., 2015, MNRAS, 449, 3393
Miralda-Escude´ J., 2002, ApJ, 564, 60
Newman A. B., Treu T., Ellis R. S., Sand D. J., 2013, ApJ, 765,
25
Oh S.-H., de Blok W. J. G., Brinks E., Walter F., Kennicutt Jr.
R. C., 2011, AJ , 141, 193
Peter A. H. G., Rocha M., Bullock J. S., Kaplinghat M., 2013,
MNRAS, 430, 105
Planck Collaboration et al., 2016, A&A , 594, A13
Power C., Navarro J. F., Jenkins A., Frenk C. S., White S. D. M.,
Springel V., Stadel J., Quinn T., 2003, MNRAS, 338, 14
Randall S. W., Markevitch M., Clowe D., Gonzalez A. H., Bradacˇ
M., 2008, ApJ, 679, 1173
Richard J., Kneib J.-P., Limousin M., Edge A., Jullo E., 2010,
MNRAS, 402, L44
Robertson A., Massey R., Eke V., 2017, MNRAS, 465, 569
Rocha M., Peter A. H. G., Bullock J. S., Kaplinghat M., Garrison-
Kimmel S., On˜orbe J., Moustakas L. A., 2013, MNRAS, 430,
81
Rodr´ıguez-Torres S. A., et al., 2016, MNRAS, 460, 1173
Shu Y., Bolton A. S., Moustakas L. A., Stern D., Dey A., Brown-
stein J. R., Burles S., Spinrad H., 2016, ApJ, 820, 43
Smith G. P., Kneib J.-P., Smail I., Mazzotta P., Ebeling H.,
Czoske O., 2005, MNRAS, 359, 417
Springel V., 2005, MNRAS, 364, 1105
Tulin S., Yu H.-B., Zurek K. M., 2013, Phys. Rev. D , 87, 115007
Vogelsberger M., Zavala J., 2013, MNRAS, 430, 1722
Vogelsberger M., Zavala J., Loeb A., 2012, MNRAS, 423, 3740
Vogelsberger M., Zavala J., Simpson C., Jenkins A., 2014, MN-
RAS, 444, 3684
Vogelsberger M., Zavala J., Cyr-Racine F.-Y., Pfrommer C.,
Bringmann T., Sigurdson K., 2016, MNRAS, 460, 1399
Weinberg D. H., Bullock J. S., Governato F., Kuzio de Naray R.,
Peter A. H. G., 2015, Proceedings of the National Academy
of Science, 112, 12249
Zavala J., Vogelsberger M., Walker M. G., 2013, MNRAS, 431,
L20
MNRAS 000, 000–000 (0000)
12 A. Robertson et al.
APPENDIX A: IMPLEMENTATION AND
TESTING OF DM SCATTERING
A1 Implementation of anisotropic scattering
From considerations of the solid angle at different polar an-
gles, the probability density function for scattering by an
angle θ is
p(θ) =
2pi sin θ
σ
dσ
dΩ
. (A1)
Integrating this, we get the cumulative distribution function,
P (θ) =
∫ θ
0
p(θ′) dθ′, (A2)
which is the probability that a particle scatters by an angle
less than θ.
For particles due to scatter, a polar scattering angle can
be drawn from p(θ) as the θ that satisfies
P (θ) = X (A3)
where X is a random variable with a uniform distribution
in the interval [0, 1].
For a general differential cross-section, the inverse of
P (θ) is not necessarily analytical. To allow us to simulate
cross-sections with general angular dependence, we numeri-
cally find solutions to equation (A3) at Nθ values of X dis-
tributed uniformly in the interval [0, 1]. The Xi take the val-
ues Xi =
i−1/2
Nθ
where i = {1, 2, 3, ..., Nθ}, and we label the
angles uniformly drawn from p(θ), θi (i.e. P (θi) = Xi). For
two particles that scatter, finding a polar scattering angle
is then just a case of drawing an integer i from the interval
[1, Nθ] and setting θ = θi.
A2 Implementation of velocity-dependant
angular-dependence
In general, the angular and velocity dependence of a scatter-
ing cross-section need not be separable, and P (θ) can vary
with velocity. For these cases, the discussion in Appendix
A1 can be easily extended by generating a set of θi for each
of Nv velocities, where Nv must be large enough that p(θ)
does not vary substantially from vi to vi+1. Using this as
well as a velocity-dependent σ(v) in equation (16) allows
us to simulate particle scattering with a general differential
cross-section.
Throughout this work, we used Nθ, Nv = 1000 with
the vi logarithmically spaced from 0.01 to 10 000 km s
−1. At
velocities below 0.01 km s−1 the cross-section and angular-
dependence were set as if v = 0.01 km s−1, while at velocities
greater than 10 000 km s−1 the cross-section was set to zero.
This was to reflect the fact that for Yukawa-like models the
cross-section does not vary at low velocities, and falls off
rapidly at high velocities. The values of Nθ and Nv could be
increased if required, as could the range of velocities covered,
but these values were found to be sufficient for the cross-
sections and systems we simulated here.
A3 Testing generalised scattering
To test our implementation of SIDM with velocity and angu-
lar dependent cross-sections we ran test cases with a cube of
particles moving through a uniform slab of stationary parti-
cles. Particles in the cube all moved with a common velocity
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Figure A1. The number of particles that scatter by different
polar angles for a cube of DM particles moving through a uniform
slab of particles at a speed vcube. The scattering cross-section was
Yukawa scattering under the Born approximation - see equation
(12). Different line colours correspond to different vcube, which
changes the normalisation and angular dependence of the Yukawa
cross-section. The solid lines show scatters into different bins of
angle measured in our test simulations, while the dashed lines
and shaded regions show the analytically predicted distribution of
scattering angles for each of these simulations and the expected 2σ
Poisson variation. The dotted lines show the prediction for a cube
velocity of (vi+5/vi)vcube and are described further in Appendix
A3. With increasing vcube the number of scatters drops, and the
scattering becomes more anisotropic.
vcube through the slab and there were no gravitational forces.
We used the differential cross-section for Yukawa scattering
described by equation (12) and ran the test at five different
vcube, ranging from 0.1w to 10w. The cross-section normal-
isation σ0 and the projected density of slab particles were
chosen such that 10% of the Ncube = 10
6 cube particles
would be scattered if the scattering was in the isotropic
regime (v  w) and particles were not allowed to scatter
more than once.
In Fig. A1 we show the results of these test cases, plot-
ted as the number of particles that scatter, Ns, per unit po-
lar angle. These agree with the predictions that were made
using dσ
dΩ
(vcube) and the projected density of DM through
the slab. To make these predictions, the number of expected
scatters was calculated using σ(vcube). Their angular dis-
tribution was then calculated by transforming the relevant
p(θ) into the frame of the slab, from the centre of momen-
tum frame of the collisions where it is defined. As well as
the predicted distribution at velocity vcube, we also plot the
predicted distribution at (vi+5/vi)vcube, where the vi were
determined using Nv = 1000 and velocities in the range 0.01
to 10 000 km s−1. Changing velocity by only one bin led to
imperceptibly small changes in the scattered distribution,
and the small change in the predicted distribution when in-
creasing velocity by five velocity-bins justifies our choice of
Nv.
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